ADDITIVE COMBINATORICS EXAMPLES SHEET 3: SOLUTIONS

ALED WALKER

These are the ‘official’ solutions for the third example sheet. This is not to say that they
cannot be improved, nor that there are no alternative approaches, nor that there won’t be
the occasional small oversights or omissions! Nevertheless, this document should hopefully
serve as a record of how to do all the questions, and be useful when it comes to your future
revision and study.

If you have any questions about any of these solutions, please drop me an email at
awb300cam. ac.uk.

For Question 1 (c), I was not quite able to recover the bound that was stated in the
question — I'm off by a factor of 2. I hope that one of you will tell me in the examples class
where I was being stupid!

(1) This question indicates how (weaker) almost-periodicity results can be proved using
only Fourier analysis. Let G be a finite abelian group of order N and A C G with
density o = |A|/N.

(a) For any 0 <7 <1 let

Ay(A) = {y € G [Ta(m)] = nlAl}-

Use Parseval’s identity to show that |A,(A)| < n~?a™'.

(b) Show that the set of L2-almost periods of 14 * 14 with error ¢|A|?/? contains a
Bohr set of rank O(e~2a™!) and width > ea'/2. [In fact, we will show that width
> ¢ is possible.]

(c¢) Generalise your solution to part (b) to show that for any m > 1 the set of
L?™-almost periods of 14 * 14 with error e|A|'*1/2™ contains a Bohr set of rank
O(e™?a') and width > ea!/?™. [In fact, we will show that width > ¢ is
possible, but only for an error 3g|A['T1/?™ ]

(d) How does this compare to the Bohr set found by Theorem 10, the almost-
periodicity result proved in lectures?

Solution: Part(a). Note that

LA (A (]A)? = 022 N|A, (A)]

= |A| = [[14l3 = [[1a])5 = N

Rearranging gives |A,(A)] < n72a~! as desired.
For part (b), for an arbitrary ¢ € G we have

ITe(la*14) —1ax1a4]l3 = ((Qax14) —1ax 14, 7(1g % 14) — 14 % 14)g
= (ry(Ta# 14) — Ta# Ta,7e(Ta % 14) — Ta % La)g

(fr = D(@a)% (i = D(Ta))g
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where f;() :=7(t). Now suppose that ¢t € Bohr(A./19(A),e/2). Then

I§|1A(7)I4|v(t) — 1= N > L) =117 + N > L) - 1)
YEAL(A) YEA(A)
2
£ T 4 el Al
W;|1A(7)| ( > Z| aly
52|A|3 . 52|A|3
] 25
< AP

This is since

ngﬁ(v)ﬁ = a1, a2,a3,a4 € Az a1 + a3 = a3 + as}| < |AP
and E, TA(7)|? = >, La(x)? = |A]. Therefore t is an L*-almost period for 14 % 14
with error e|A[*2. Since |A./10(A)| < e 2a~! by part (a), Bohr(A,/19(A),/2) has
rank O(e2a~!) and width > ¢ as required.

For part (c), Fourier expanding we get that ||7:(14 % 14) — 14 % 14]|3™ is equal to

— 2m
> [EG®) - Dr@)Tae?]
ST | IO ICO RS | ATXGEDINTH SN | RIC H )
PLyoPm ism Jj<m z i<m i
1
o= DI | IXZORSINCHIE § NIOIOR I 1)
oo ST j<m

[Tv=I1 ]

Now suppose that ¢ € Bohr(A.m100(A),€). The contribution to the sum ([I) when
all Y1, Ym, P1, -+ Pm € Demj100(A) is at most

1

3 1 (B |
'Yl ----- Tm  i<m js<m
1—[7’27’1—[

Applying the L bound |14 (pam)|? < |A|?, we get an upper bound of

1 — —
e AR D TTRa0P T [Tale)?

Vs ¥m i<m j<m—1

< €2m|A|2+2m_1 — €2m|A|2m+1

by Parseval.

Now consider the contribution to the sum when at least one out of the charac-
ters Vi, ..., Yms P1s - - -5 Pm 18 DOt in Amj109(A). Let o be this character. Then, using
the trivial bounds |v;(t) — 1] < 2, |p;(t) — 1] < 2, and [14(0)]? < (™| A|/100)2, and
renaming indices, we may upper bound the contribution to by

22m €m|A| P
2m - o ( 100) Z TTITG T 1Tt

77777 ’Ym i<m j<m—1

22m+1m€2m

1002

~X
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by Parseval, as above. So therefore we conclude that

- 2m 2m A 2m+1 22m+1m
HTt(lA*lA) 1A*1A|’2m<5 ‘ | 1+ 1002 s

and hence

|7e(1a % 1a) — 14 % La||om < 3€|A|1+1/2m‘

So 7 is an L™ -almost period of 14 * 14 with error 3¢|A|'*'/2™. And by part (a),
the rank of the Bohr set Bohr(Aim j100(A), €) is O(e72ma™).

For part (d), we look to applying Theorem 10 with f = 1,4%14. In this case, || f|; =
|A| = aN. So, having an error 3| A|**1/2™ is like having an error 3za/?™|| f||; N1/?™.
Applying Theorem 10, this gives a Bohr set of L?™ almost periods with error 3| A|'+1/2m

with rank O(me 2o~ ) and width > ea'/2™. We got a narrower width in our solu-
tion here, but with a massively larger rank O(e™>"a™1).

(2) Show that if A, B, C are sets with |C| > | B| such that there is S with |[A+ S| < K|A|
then the set T' of L>-almost periods for 14 * 15 % 1o with error | A||B| has size

713> exp(=0(e (1 + log( 1) og K)IS),

Solution: Let m be a natural number with

1

51 +10g(|C1/]B])) < m < 1 +log(|C1/|B]).
Observe that

max|7't(1A* Ipxlg) —1la*1p* 10|

_max‘z Lalp(2)le(z +t —y —2) — 1a(y)1(2)le(z + y—z))‘

- max\le ) Sl + =y =2) = Lal)lels —y—2))|

1

maX(ZlB )= 1) E (Z (Z(lA(y)lc(ert—y—Z) —la()le(x —y—Z))>2m>2m

= |B| 7%”7}(1,4 * 10) — 1A * 1CH2m-

L_c|A||C|z. Then

Suppose that ¢ is an L?*™-almost period of 14 * 1o with error 06

1 1
|Ie(lax1px1lg) — 1ax1p * 1o|]|eo < —5|A||B|1_Tm|C’|ﬁ

- el ()

< ¢|A||B].
So 7 is an L* almost period of 14*15*1¢ with error £|A||B|. Finally, by Theorem 12

from lectures, the number of such almost periods ¢ is at least exp(—O(e~2m) log K))|S|,
as required.

(3) Suppose that |A| and z are such that 14 * 14 * 14(z) > §|AJ%. Suppose further that
there is some S such that |A + S| < K|A|. Show that, for any & > 1, there is a
symmetric set X such that

r+kX CA+A+A
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and
|X| > exp(—O(k*0 % log K))|S).

Solution: This follows from the previous question. Indeed, let X be the set of L™
almost periods for 14 x 14 * 14 with error %|A|2. From the previous question we
have

|X| > exp(—O(k*06~*log K))|S).
However, if t € kX, write t =t; + --- + t;, with ¢; € X for all 7. Let ¢y := 0. Then,
by the triangle inequality,

La Lo La(w+1) = Lax Lax 1a(@)| <D [law LaxLa(w +1;) — Lax La* La(w + tiy)]

i<k
)
—|AI?
oAl
)
= —|A]%
2
Since 14 * 14 * 14(x) > 6| A|* we conclude that
)
1A*1A*1A(x+t)>§|A|2>0.
Hence r +t € A+ A+ A, andsox+ kX C A+ A+ A.

(4) Show that if A, B C F} with densities a, 3 respectively then A + B contains a coset
of a subspace of dimension > afin/logp.

Solution: Let N = p" be the size of the group, and let f =14 * 15. Then
11l =ERa)ILe(M)] < (EllA(v)P)z@llB(v)I?)? = |A]Z|B|z = a2p2N.

Let T be the set of L*™-almost periods of f with error iaéﬁé I f]l1N 2. We know
from Theorem 10 in lectures, applied to € = }la% ﬁ%, that T contains a Bohr set
of rank O(ma~'37!) and width > aéﬁé. So certainly T' contains a subspace V' of
codimension O(ma™'571).

Next, let W C T be any subset. Then, for a natural number m to be chosen later,

1

ZSUP L Ip(@+1) = Lo 1p@)] < D0 (D [a s Ip(@+1) = Ly 1)) ™"

tew T teWw
1

Nl—*(ZZylA*lB rt) — 1axlp(x )]27") "

r teWw

< Nliﬁ’W|ﬁI¥n%§HTt(1A* 13) - 1A * 13H2m
S

a1 azf32 a1
< K- 20 v
1 OzﬂNQ
< |Wizm
w2
< affN?

provided |[W| < 4?™. Since
Z 1A * 13(]}) = OéﬁNQ,

T
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we conclude that there is some z for which

sup [1a x 1p(z +1t) — 14 1p(z)| < 14 * 15(z).
tew

Hence 14 % 1g(z+t) >0forallt € W, and so z + W C A+ B.

The rest of the proof is just sorting out the quantitative details. Let 10 < C} =
O(1) be a fixed constant such that dim(V) > n— Cima~'871. If na < 100C; then
the conclusion of the theorem is trivial, so without loss of generality naf > 100C}.

Now let ¢ < 1/100 be a small constant (to be chosen later, depending on C}). Let
C be a large parameter with the following properties: € < C < 2C; and

LSRR
C log p
This is possible, since
@@— CO‘B) > 50.
Ch log p

Now let
_ naf caf
"= (1 10gp>’

In this case

dimV >n—Cma 17! = Ca_ﬁn‘
log p
Let W < V be a subspace with dimension
Caﬁn —1<dimW < Caﬁn

log p logp
It is enough to show that
W < 4>

if ¢ is small enough, since then x + W C A + B by the above argument.
We can calculate

log(4*™/|W|) = 2mlog4 — (dim W) log p

2naflog 4 af
> - — —
> c (1 Clogp> cafin

(281 ept) o)

>0

WV

if ¢ is small enough. So we are done.

Let G be a finite abelian group and A C G have density a = |A|/|G|. Let € > 0 and

T be the set of L?-almost periods of 14 x 14 with error g|A[3/2.

(a) Show that if € > 2 then T' = G.

(b) Show that |T] > a®C "IN,

(c) Show that T contains a Bohr set of rank O(¢~2a~!) and width > ca!/?,

(d) Show that if A, (A) is defined as in Question 1 then, for any n > 0 the set of
almost-periods T is contained inside the Bohr set with frequency set A, (A) and
width n~2ea~1/2.
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Solution: For part (a), for an arbitrary ¢t € G note that

[7e(1a* 1a) — Ta* Lalla < [|7e(1a % 1a)ll2 + [|1a * 1all2
= 2[|14 % L4||2

(Y (Y taatae))”

zeG ajtas=x

—o( Y talantaen)lala)ta(ar)

a1+ta2=a3+aq

< 2APP2,

So t is an L? almost period of 14 * 14 with error 2| A|*/2.

For part (b), this is just the result of Theorem 11 from lectures with m = 1. Part
(c) was just part (a) of Question 1.
For part (d), suppose that [|[7;(14 % 14) — 14 % 142 < €|A|*/2. Then

€2|A|3 > <Tt(1A* 1A) — 1A* 1A77—t(1A* 1A) — 1A* 1A>G

= <Tt(1A* 1A) — 1A* 1A7Tt(1A*1A) — 1A* 1A>§

= ((fi = D@2 (fi = D(1a))g
:?—E:UA () =117,

where fi(y) =~(t). If v € A,(A) we conclude that

1
AP > NllA( NI () =117 = o NPy (t) — 1%

Hence |y(t) — 1| < ea'/?172 as required.

(6) (a) Show that if X C F% is a symmetric set (so X = —X) such that 0 € X and
which contains at least k elements which are linearly independent over F3 then

kX contains a subspace of dimension k.
(b) Show that if K > 4 and A C F} satisfies |A + A| < K|A| then A+ A—A— A

contains a subspace of dimension > 4/log|A|/log K.

Solution: For part (a), let Y C X with |Y| = k and Y being linearly independent
over F3. Then —Y U{0}UY C X, since X is symmetric and contains 0. Therefore,
writing
V= {Z eiyi s € € {—1,0,1}},
i<k

we have V' C kX. But V = spangs(Y'). Hence V' has dimension k, as desired.

For part (b), let C' and ¢ be certain absolute constants, with C' large enough and ¢
small enough for what follows. Without loss of generality we may also assume that
Vlog |A]/log K is large enough in terms of ¢ and C. Since K > 4, this contains the
assumption that |A] is large enough in terms of ¢ and C.

Now, we know from Theorem 13 that A + A — A — A contains a set kT with

IT] > exp(~Chk?(log K))| Al



ADDITIVE COMBINATORICS EXAMPLES SHEET 3: SOLUTIONS 7

c V1oglA| \/log\A\

Choose an integer k£ in the range 3 Ta K S k < gk Such an integer exists
. log |A
since g' K' is large enough. Then we get

IT| > exp(—Cc?log |A]) > [A[**

if ¢ is small enough. Hence T contains a linearly independent set of size at least
log(| A|°99)/1og(3), which is at least k (as |A| is large). By part (a), kT contains a
subspace of dimension k.

Let f: G — C. In Lemma 26 we found by random sampling a function g which was
the linear combination of O(me~?2) characters such that || f — g|l2m < e||ﬂ|1N1/2m.
In this exercise we provide an example that shows that the linear dependence on m
is necessary.

Let 2m < n and choose some linearly independent vi,...v2, € Fy. We write
N = 2" for the size of the group as usual. Let f(z) = 5=(71(x) + - - - +Y2m(x)). Out
of all those functions which are linear combinations of < m characters, let g be such
that ||f — g||2m is minimal.

(a) Show that without loss of generality, the characters in g are from the subspace
spanned by Y1, ..., Y2m.-

(b) Show that N'/2™|1 — g(0)| < 2||f — gll2m.

(c) Let V' < F% be the subspace orthogonal to those characters in the definition of
g. Show that

(S 1@ —g@P) ™ = (5~ 1= g v

zeV

(d) Deduce that

1 = gllam > 571N,
Solution: Part (a). Let W < F% be the intersection of the kernels of 7y, ..., Yom.

Then f * ‘W‘ lw = f. Furthermore g * ‘W‘ 1y is a linear combination of characters
from the subspace spanned by 74,...,7,. This is since the Fourier transform of

g * ﬁlw is Gglw and

~ — W1 if y|w is the trivial character,
Ly(y) = > () = {' i

= 0 otherwise

since W is a subspace. By dimension counting, 7|y is trivial if and only if 7 is in

Spally, (717 s 7’72m)-
Write ¢’ := g ﬁlw- Then, by Young’s inequality

1f =9 llam = |l (= Dllom < ==L i1 = gllam = 1 = gllzm.

1
W W]
So, replacing g by ¢’, we may assume that ¢ is a linear combination of characters

from the subspace spanned by 74, ..., Yom.

Part (b). Let W be as in part (a). Then
If = gll3m = D 1f (@) = g(@)™™ = Y 1£(0) = g(0)]™ = 27*" N1 — g(0)".

zeW zeW

Taking 2m!-roots gives the claimed bound.
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Part (¢). With V' as given, we have

1/2m 1/2m 1/2m
(1@ = g@E) ™ = (@ =) T = (Y lgtw) — 1)
eV zeV zeV
by the triangle inequality. By definition of V' we have

(T loto) = 1Pm) ™" = Wramig(o) -1y

zeV

By Jensen’s inequality, we have

/2m 1 /
(Y1) —1pm) ™" = VIV (g Do) = 1)
eV zeV
1
> Ve (3 ) - 1)
|V| xeV
1
Ve (1= =3 f(@)
| | eV
1
= V(1= ().
2 22 1%
since f(x) € [—1, 1] for all z. Now, we have
Z o 1 if |y is the trivial character;
|V| = ’ 0 otherwise.

Since V' has codimension at most m, there are at most m values of i for which ~;|y
is the trivial character. So

1/2m 1 1
1 2m> > (V|2 <1 — ) > |V,
(> 1@ -1 v S—m) > 5|V

zeV

Combining everything we have

1 m
1 = gllam > (5 = lg(®) = 11) V]2

as claimed.

Part (d). We have ||f]l; = 1. If |1 — g(0)] > 1/4, from part (b) we have
1f = gllam = £NV?™ as claimed. Otherwise, we have from part (c) that || f — g[lm =
4|‘/|1/27n > (N2 m)l/Qm > 1N1/2m too.

(8) We say that a set D C G is dissociated if all 3P| sums of the form 3", _,, ¢,x where
¢, € {—1,0,1} are distinct. Fix some dissociated set D.
(a) Show that for any e € {—1,1}? if

P.(y) = [J(1 + R(eav(2)))

zeD

then E, |P.(v)| = 1.
(b) Show that for any f: D — C and ¢ € {—1,1}?, if

=3 e f@ @)

zeD

then f: 2F. x P..
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(¢) Combining parts (a) and (b) with the ideas in the proof of the Marcinkiewicz—
Zygmund inequality, prove Rudin’s inequality: if D is dissociated then for any
f:D— Cand any m > 1,

1 Fllzm < m" 2| £]l2-
Solution: For part (a), let span(D) = {>_ ., cz® : ¢, € {—1,0,1}}. By assumption
| span(D)| = 3/PI. Note that 1 + R(e,v(x)) = 0 for all &, 7, z, so

E|P.()| =ER.() =E [[(1+ 5e(2) + 5en(-2)).

2
zeD
Multiplying out the product, we get
E > w5
yespan (D) J:ESy

where, writing y = >, ¢z with ¢, € {—1,0,1} in the unique way, S, is the set of
x € D for which ¢, € {—1,1}. Swapping the sums, the only non-zero contribution
comes from when y = 0, i.e.

E > v = > H—]Efy =E~(0)=1
yESpan D) :cES yEspan(D) T€Sy v

as claimed. .
For part (b), we abuse notation somewhat and let F, : G — C denote the inverse

Fourier transform of F. (and similarly for other functions defined on G). Then

F.(z) = E Fe(7)y(2)

—E<Z€yf 7)) ()

yeD
= Z ey f(y E7 T —y)
yeD
= Z ey f(Y)ly=z,
yeD
and so
_— if D
o) = enflz) reD
0 otherwise.
Also,
~ 1
P EH 1+ Ze(y) + 5%7( y))y(x)

z€span(D) yE€S,

- 2 Hgylx -

z€span(D) YyE€S-

For x € D, this is just €, /2. Therefore, since f is supported on D,

f=2F.P..
Taking Fourier transforms, we get
f=2F.«P.

as claimed.
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For part (c), we note that by Young’s convolution inequality
12 5 Pellom < |[Fellom [ Pelly < [ F2ll2m-
Hence, by part (b), Hngm < ||F.||om for all e € {—1,1}P. So
| Fligm < C* B || E.|I3

for some absolute constant C.

Now,
E|FI3 = BE| Y e/ ()]
zeD
=& Y [[/en@ [[7wn) El]= 1=
e " = D

The inner sum E. [],,, €, [;<,, €y, vanishes unless every element of D which is
listed in (x1,...,%m,Y1,---,Ym) appears to an even order, in which case the inner
sum equals 1. So we may upper bound the expression above by

2k;
)BED DINED DI I ) | (FE1ES
I<m z1,..., €D k1+---+kj=m 1<l

As in the proof of the Marcinkiewicz—Zygmund inequality in lectures, this is at most

m™m ( Y wenlf (:13)|2> , since by comparing binomial coefficients

(2m)! (2m)!  m! . m!
< SM o
(2K )+ (2k)! T 2mml Kyl Ry kil k!

Therefore
£ ll2m < CZm™ | £l
and the result follows by taking 2m!-roots.

Let the dimension of a set A, denoted by dim(A), be the size of the largest dissociated
subset of A.
(a) Show that if X is a dissociated set then for all £ > 1 we have [kX| > (Ck)~*| X |*
for some absolute constant C' > 0.
(b) Deduce that if |A + A| < K|A| then dim(A) < K log|A|.
(c) Use the above ideas combined with Theorem 13 from lectures to show that if
|A+ A| < K|A| then there exists a set X C A of size
[X| > exp(~0((log K)")) 14|

such that dim(X) < log |A].

Solution: Part (a ) There are two approaches here. Either observe that ||Ty x||2F =
FEop(X) =#x1+ -+ + 2 = Tpy1 + - - - + 9. By Cauchy-Schwarz,

IX[F =) [, a) € XF a4+ an = g}| < [RX[V2 (B (X)),
gekX
Finally, rearranging and using Rudin’s inequality, there is some constant C' for which
|X’2k N ’X|2k _ (
Eo(X) ~ (CEY2)2[|1xI3*

kX > k) x

as required.
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Alternatively, here is a more hands-on approach. Assume that |X| > 100k, else
the conclusion is trivial. Let k"X denote the restricted sum set, i.e k"X = {z; +
coo 4 a0 ox; € X distinet.}. We claim that [k"X| > k7%(]X| — k)*. Indeed, if
g=x1+ -+ xx =1y + -+ Yk, with the z; € X distinct and the y; € X distinct,
then 0 =z 4+ -+ +xp —y1 — - -+ — yr € span(X), contradicting the fact that X is
dissociated unless (yi, ..., yx) is a permutation of (xy,...,z;). Hence

K" X| = k™"{(xy,...,21) € X*: all indices distinct}|
KX = R)f
(CR)™*| X"

\ARR\VARR\Y

as claimed.

For part (b), let X be the largest dissociated subset of A. Then by Pliinnecke and
part (a), for all £ > 1 we have
(CR)™ dim(A)* < [kX] < [kA] < K*|A].

Hence dim(A) < CKk|A|'*. Choosing k < log |A| we derive dim(A) < K log |A| as
desired.

For part (c), let £ < (log K') and let T" be the set of almost periods used in Theorem
13, for which kT C A+ A— A — A and |T| = exp(—O((log K)*))| Al

There is another fact about 7" which follows from the proof of Theorem 12 (which
we used to construct the almost periods used in Theorem 13), namely that 7" may
be taken to lie within a translate of A.

Then kIT C 2lA — 2lA, so |kIT| < K% A| for all [ > 1, by Pliinnecke. Now,
let X be a translate of T with X C A. We have |[kIX| < K% A| and |X| >
exp(—O((log K)*))|A| too.

Let Y C X be a dissociated set of maximal size. Then

(CED ™™ dim(X)* = (CE) MY |H < |klY| < |kIX]| < KY) A
So
dim(X) < CKIK*|A|v < Ckl|A|m
since k < log K. Letting | < k=1 log|A|, we get
dim(X) < log |A|

as required.



