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1. Show that for σ > 1/2 ∫ T

0

|ζ(σ + it)|4 dt ∼ ζ(2σ)4

ζ(4σ)
T.

2. (a) Show that if F is a smooth function on [0, 1] then

|F (1/2)| ≤
∫ 1

0

(|F (t)|+ 1
2 |F

′(t)|) dt.

(b) Let t1, . . . , tR ∈ [1/2, T − 1/2] be a set of points such that whenever i 6= j we have |ti − tj | ≥ 1.
Show that for any smooth F : [0, T ]→ C we have

∑
1≤i≤R

|F (tr)|2 ≤
∫ T

0

(
|F (t)|2 + |F (t)F ′(t)|

)
dt.

(c) Deduce that for any an ∈ C we have

∑
1≤i≤R

∣∣∣∣∣∣
∑
n≤N

ann
itr

∣∣∣∣∣∣
2

� (T +N) logN
∑
n≤N

|an|2 .

3. By adapting the proof of Ingham given in lectures, show that if c > 0 is a constant such that ζ( 12+iT )�
T c for all T ≥ 2 then

N(σ, T )� T (2+4c)(1−σ)(log T )O(1)

uniformly for 1/2 ≤ σ ≤ 1. In particular, the Lindelöf hypothesis (that ζ( 12 + iT )�ε T
ε for all ε > 0)

implies the Density Conjecture.

4. In this question we sketch an alternative approach to obtaining zero density estimates. Let M(s) =∑
n≤X

µ(n)
ns , and for 1/2 ≤ α ≤ 1 let

R(α) = {σ + it : α ≤ σ ≤ 1 and T < t ≤ 2T}.

(a) Show that if an =
∑
d|n µ(d)1n/d≤T 1d≤X then for all s ∈ R(α)

ζ(s)M(s) =
∑
n≤TX

an
ns

+O(T−αX1−α logX).

(b) Show that if we choose X1−α ≤ Tα(log T )−2 then, if s ∈ R(α) is a zero of ζ(s), for some
X ≤ N ≤ TX we have ∣∣∣∣∣∣

∑
N<n≤2N

an
ns

∣∣∣∣∣∣� 1

log T
.
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(c) After making a suitable choice of X, combine the result of part (b) with the mean-value estimate
of question 1 to deduce the zero density estimate

N(α, T )� T 4α(1−α)(log T )O(1).

5. Fix some σ > 1.

(a) Show that for all t
|ζ(σ + it)| ≤ ζ(σ).

(b) Show that for any N ≥ 1 and t ≥ 0

|ζ(σ + it)| ≥
N∑
n=1

cos(t log n)

nσ
−
∑
n>N

1

nσ
.

(c) Show that, for any a1, . . . , aN ∈ R and ε > 0 there exist arbitrarily large t such that there exist
m1, . . . ,mN ∈ N with

|tan −mn| ≤ ε

for 1 ≤ n ≤ N .

(d) Show that, for any ε > 0, there are arbitrarily large t such that

|ζ(σ + it)| ≥ (1− ε)ζ(σ).
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