Analytic Number Theory Sheet 1 - Solutions

Lent Term 2020

1. Let 73(n) = >, ayas—n L = 1 x7(n). Prove that

1
Z T3(n) = im(log )2 + crzlog x4 cox 4+ O(xz?/3 log )

n<lz

for some constants ¢; and cs.

Solution: In this proof the letter ¢ will be used to denote some fixed absolute constant, which may change
from line to line (just to avoid introducing lots of new subscripts) — it’s easy to actually follow the constants
through and check what they all are.

For the hyperbola method we need to make a choice of where to split the summation — it makes sense to
have all 3 factors given the same weight, so we will divide the sum over

ab=n

according to whether a < z1/3 or b < £2/3. This gives
T
Yonm= Y Y+ Y 0|5 - X 0|«
n<x agml/B bSJL’/a b§x2/3 b§x2/3

=3+ 3y — X3,

say. We will evaluate each of these three summands in turn. Recall that we showed in lectures that

> r(n) =ylogy + cy + O(y'/?)

n<y

and

1
Z - =logy +c+O(1/y).

n<y
It follows that

n= 3 (e +0 (3m))

aSzl/S

1 1
= (zlogx + cx) Z . Z %—1—0 zt/? Z a2

anl/S a§z1/3 a§m1/3

1
= (zlogz + cz) (1 logx +e+ 0@ V3 - Z % + 0(22/3)
a<zl/3

1
:%x(logw)Q+c:rlogx+cx+0(x2/310gac)fx Z oga’

anl/B




1/3
where we have bounded the sum in the error term by the integral flz t73/2dt = O(J;l/ 6). To evaluate the
final sum, we use partial summation, along with >, _, L —logt+c+ O(1/t) to obtain

loga 1 lo
Z zgz :2(logy)2+clogy+c+0( gy).

a<y y

Note, importantly, in this calculation that is it not true that if R(t) = O(1/t) then

[ B at=ony)
Lt

indeed, depending on the behaviour of the O(1/t) function it could be constant, since the range of integration
is from 1. What is true, however, is that for any R(¢) = O(1/t) we have

/j’R](f)dtz/loo}i@dt—/ym}%it)dt:HO(l/y)’

for some constant ¢ depending on R, which is an acceptable substitute.
It follows that

1 1
5y = <3 - 232) w(logz)® + cxlogz + cx + O(2**log ).

We now evaluate

EQZI‘Z ?—1—0 ZT(b)

ngz/s szz/S
@2/ T(n
= g!/3 Z 7(b) + 1 %dt—i—O(m%logx)
b<z2/3

2/3
= tlogt + ct t1/2
_ 1/3 (%x2/310gx+cx2/3+O(x1/3)> +:c/ ogt+ ct + O(t'/*)

2 dt + O (aﬂ% log m)
1

2/3

1 .
= im(log 2% 4 cxlogx + cx 4+ O(2/3 log x)

by partial summation. Finally, we note that

Yy = at/3 Z 7(b) + O Z 7(b) | = cxlogz + cx + O(xz*3logx).

ngz/s ng2/3
Combining these three estimates,
S = (2ot 42 2 2/3
3(n) = 37 7.3 + 5 xz(logx)* + cxlogx + cx + O(x*/" log ).

n<zx

The leading coefficient here is 1/2 and we’re done.

2. Let w(n) count the number of distinct prime divisors of n.

(a) Prove that
Z w(n) = xzloglogx + O(x).

n<z

(b) Prove the ‘variance bound’
Z lw(n) — loglog z|*> < zloglog .

n<x



(¢) Deduce that
Z w(n) — loglogn|®> < zloglog .

n<lz

and hence ‘almost all n have (1 4 o(1)) loglogn distinct prime divisors’ in the sense that the number
of n < x such that |w(n) — loglogn| > (loglogn)3/* is o(x).

Solution: We have

Z w(n) = Z Z Lpjn

n<x n<lz p

_ -Z % b
-

1
zxZE—J—O(a:)

p<z
= zloglogz + O(xz).

For part (b), expanding out the left hand side gives

Z w(n)? —2loglog = Z w(n) + |z (loglog ).

n<x n<x

The second summand is —2z(loglogz)? + O(zloglogz), and the third is x(loglog x)? + O((loglog z)?). It
therefore suffices to show that

Z w(n)? < z(loglogz)? 4+ O(xloglog x).

n<x

For this we note

S wn)?= > Lylgn

n<x p,q<znlz

= Z {xJ + O(zloglog x)
pra<a P4
2

<z Zl + O(zloglog x)

p<z p

= z(loglog2)? + O(x loglog ).
Finally, for part (¢) we note that by the triangle inequality it suffices to show that

loglogn — loglo z|* < zloglog z.
2 g log g log

n<z

1/2 1/2

The range n < z!/? trivially contributes O(z'/?(loglog z)?) and if 2'/2 < n < z then [loglogn — loglog z| <
1, and so this range contributes O(z), and hence the sum overall is certainly O(zloglogz). Finally, if we let
r(x) count the number of n < x such that |w(n) — loglogn| > (loglog z)3/* then

r(z)(loglogz)®/? < 4 Z lw(n) —loglogn|?> < zloglog z,
n<z

and hence r(z) = o(z), and the final claim follows since for all n > /2, say, (loglogn)3/* > 1(loglog z)3/4.



3.

(a) Show that
E l zlogx—i-’y— M+O($_2)
n x

n<x

(b) Let A(z) be the error term in the approximation for the sum of the divisor function, so that

Z 7(n) =zlogz + (27 — )a + A(z).

n<x

We proved in lectures that A(z) = O(x'/2). Prove the more precise estimate

Ax) =z'/? -2 Z {g} +O(1).

aS:vl/Z
(¢) Deduce that
xT
/ Alt)dt <
0

(so that, ‘on average’, A(z) = O(1)).

Solution: By partial summation as in lectures,

n<z 1

Since f;o 7z dt = 5 it suffices to show that
<t} —1/2 _

Note that, for any n > 1, if t € [n,n + 1), then 1/n? = 1/t> + O(1/n?), and hence

[T L e i omt) = 06
. 0

t n
It follows that for any m > 1

/: “};721/2& =Y 0m?) =0(m™?).

n>m

The required bound follows letting m = [z], since flm t2dt < 272
For part (b), the hyperbola method argument from lectures shows that

Srmy =2 Y EJ ~ |22

n<z a<zl/?2
1/2y _
=2z 10g$1/2 +v- u + O(mfl) -9 Z {z/a} — (:El/2 _ {xl/z})2
2172 =,
= zlogz + (2y — 1)z — 222 ({«'/?} — 3)—2 Z {g} + 2212 {2 ?} + 0(1)
aSml/Z

=zlogz + (2y — Dz + 22 -2 Z {%} +0(1).

agzl/Q



By definition then

Az) =2'/? -2 Z {g}—FOl

agxl/z

For part (c) we integrate this over [0,z] term by term. The first gives %x3/2

trivially gives at most O(z). It therefore remains to show that

/ zt:/ { } = 1532 4 O(a).

Interchanging the summation and integral, the left-hand side is

> [

a<lz 1/2

. Integrating the O(1) term

The integral of {¢/a} over any interval of the form [ka, (k+ 1)a], where k is an integer, is a/2. It follows that

Tt T — a2
/ﬁ{a}dt: & +0(),

(137(12

since the interval [a?,z] can be divided into |
O(a) in length leftover, and so

Z/m{a}dt |z1/?] — Za+0 3—/Q—%/QJFO()

2
a<zl/2 @ a<z1/2

| intervals of the shape [ka, (k + 1)a), with a remainder

using any n? = %y?’ + O(y?), and the proof is complete.

4. Prove the following Dirichlet series identities, and give for each a half-plane in which the identity is
valid.

(a)

> 7 ayeis -

n=1

where o(n) =3, d,
(b)

$ A _ <29
—nt o ((s)
where A(n) is the completely multiplicative function such that A(p) = —1 for all primes p,

()

() ((s)!
; ns ((2s)’

(d) and

- 25)¢(3s)
22: (65)

where s(n) is the indicator function for the square-full numbers, i.e.

1 if p | n implies p? | n and
s(n) = .
0 otherwise.



Solution: For each identity there are two ways to proceed: either use the fact that FyF, = Fy.,, and
verify the corresponding identity for f x g, or work with Euler products, if the coefficients of the Dirichlet
series are multiplicative. We will demonstrate each identity with one of these methods, but I encourage you
to try and reprove each with the other method.

Note that the Dirichlet series for ¢(n) =n is

= n
Z o C(s—1)
n=1
and converges absolutely for o > 2. Therefore since o = 1 x ¢, the Dirichlet series is equal to ((s){(s — 1)

and converges absolutely for o > 2 (and this identity is valid in the same region).
For A(n), we instead argue using Euler products. The Dirichlet series converges absolutely for o > 1. In

this region
— A(n 11 -1
E_l 723)=||<1—+—--->=||(1—|—p_s) .

p ps p28 .
Using
—s\—1 (1 _p—s)
R
we have -
> AfZZ) =TTa-p2) " TI(—p7) = C2)C(5) 7,

which is valid for ¢ > 1.

For (c), we will first express the multiplicative function 7(n)? as a convolution. Suppose that 7(n)? =
f*g(n), where f and g are both multiplicative. We can actually cheat a little because we’re told in advance
what the Dirichlet series is. Let f(n) = m4(n) = 7 % 7(n), and let g(n) = u(m) if n = m? and g(n) = 0
otherwise. Our claim is that 7(n)? = f x g(n). Since both sides are multiplicative, it suffices to check this
identity for prime powers. Note that f(p*) counts the number of n; 4+ no + n3 +ng4 = k with n; > 0, which
is (k-}::’)). Thus

2

frgp) = flp) = (i) =4=r1(p)?

and for &k > 2

fra®®) = ") +9(*) f(p"?) = (k Z 3> - (: t ;) = (k+1)%

Since the Dirichlet series coefficients of ((s)* are f(n) and those of ((2s)~! are g(n), it follows that

- 7(n)? — ()4 1

valid for o > 1.
Finally, we use Euler products again, noting that s(n) is multiplicative. The Dirichlet series converges
absolutely for o > 1, where

— s(n) 1 1
; pr H(1+p%+p35+m>

p
1
= (1+ 2s _ s)'
» p p

The Dirichlet series identity now follows since

14 I 1—a26
22—z  (1—-272)(1—-23)

and it is valid for o > 1.



(a) Show that for 0 <o <1

(b) Show that for —1 <o <0

core = [ (Fh-tey)ete

(¢) Deduce the functional equation for (s), using the identity

1 1 1 > 1
SN YD ) —
e*—1 =z 2 + a:nz:; 4An2m2 4 2

Solution: Recall that in lectures we proved that for o > 1,

s—1

o) = [

et —1

The integral here does not converge for 0 < o < 1, because the integrand blows up as we approach = = 0.
To remove this pole, note that for o > 1,
1
1
/ 572 de = ,
0 s—1

1 0 s—1
1 1 T 1
I(s) = —— 2" 'd d
C(s)T(s) /0 (e’”—l x)x ;v—l—/l 1T

which is valid for o > 1. Since |e” —x — 1| < [e® — 1] for 0 < 2 < 1, however, the first integral actually
converges for all ¢ > 0, and hence the right-hand side defines an analytic continuation of {(s)I'(s) to the
half-plane o > 0, with a simple pole at s = 1. The identity in (a) follows from the fact that

1 o0
:—/ ¥ dw
s—1 1

when 0 < o < 1. For the identity in (b) we do the same again, trying to remove the pole at s = 0 from the
integral between 0 and 1. To this end, note that

1
1 1
/ — e = —,

1 1
1 1\ .1 1 1 1 1 1
—— |z dx = ——4+ -]z T de — —.
/O(eﬂ”l :E)x v /O(exl x+2>x YT 05

This is valid for o > 0, but again, the integral on the right-hand side actually converges for o > —1. To see
why (and to explain the mysterious 1/2 factor) note that we showed in lectures that

and hence

and hence

T 1 BQ 2
=1— g+ =22
e — 1 SR
and hence 1
— -5 +0@)



We have shown that for —1 <o < 1

1 o0
1 1 1 1 1 1
I'(s) = — 4+ |zt A - — — =) x5 da.
¢(s)L(s) /0 (ez—l a:+2>x v 2s+/1 (ef—l J;)x v

The identity in (b) follows from the fact that

<1 . 1
5 Ny = ——
/1 2t T T
when —1 < o < 0.

We will sketch a proof of (c). Substituting in the given series to the integral in part (b), and changing
the order of summation and integration (which can be justified by an appeal to uniform convergence of the
series in [e, 00) for any € > 0), we see that for —1 <o <0

o] fe'e) xs
This integral can be explicitly calculate as

/°° r o (/2)Eem
0

4272 422" cos(ms/2)

Substituting this in we get
25717'(3

C(s)T(s) = cos(sm/2)

((1—s).

T
sin(7s)

and the identity 2cos(z)sin(z) = sin(2z). Finally, we sketch how to do the integral above. By a change of

variable it suffices to show that - /2
y° m
/0 1492 Y cos(ms/2)

Consider the semi-circular contour C' of radius R, with a circular indentation around z = 0 of radius e. We
define 2° by taking the branch of the logarithm which is positive on the real axis. Since 1+22 = i(z—1)(1+iz2)

s+

the integrand has a pole at z = i of residue =4—

The conventional form of the functional equation follows using the reflection formula I'(s)I'(1 — s) =

5 - , and no other poles on or inside C'. By the residue theorem

s _ss+1
/ 2 _dz=2mi- —— =i,

The contribution from the two straight lines is

R s

i Yy
1 17T S 7(:1.
(I+e )/E T W

The contribution from the large semicircle of radius R is O(% “R) — 0 as R — oo since o < 0, and the
contribution from the small semicircle of radius € is O(% -€) = 0 as € — 0 since o > —1. Taking the limits

it follows that

(1+ iws) > ys dy = mis
e ; 714—1/2 Yy =Tm",

and the result follows after rearranging.



