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CHAPTER 1

Lecture One

1. WHAT IS THE DENSITY INCREMENT METHOD?

The density increment method is one of the oldest and most useful tools in addi-
tive combinatorics. It is an efficient way of turning the ‘structure vs. randomness’
heuristic into an actual proof. The general idea behind the method is:

(1) We want to prove some property of a set which is perhaps quite sparse
inside some global structure.

(2) Show that this property holds if the set behaves randomly.

(3) Show that this property holds if the set is very dense inside the global
structure.

(4) Show that if a set does not behave randomly then there is some local struc-
ture whose interection with the original set is larger than we expect (a
‘density increment’).

(5) Then throw away the rest of the universe and treat this local structure as
a global structure. Iterate.

(6) Since the density cannot increase forever, at some point we must either
behave randomly, or are very dense. In either case we have the desired
property inside some subset of the original set, and deduce it about the
original set.

This is perhaps a little too abstract to be useful, so I’ll explain what happens in
perhaps the most famous application of the density increment argument: finding
three-term arithmetic progressions.

Question 1. What is the size of the largest A C {1,..., N} that does not contain a
three-term arithmetic progression? (i.e. =,z +d,x+ 2d with d # 0, or equivalently,
a solution to x + y = 2z with x # y).

This is a very old question in additive combinatorics, and we’ll study it in some
depth. It was first considered (in print at least) by Erdés and Turén in 1936, who
proved that we must have |A| < (5 + o(1))N. They conjectured that |A| = o(N),
and a convincing reason for this conjecture is given by the structure vs. randomness
heuristic.

Firstly, what happens if A C {1,...,N} is a random set, say selecting each
element with probability p? There are < N2 many 3APs in {1,..., N} and each
one survives to be a 3AP in A with probability p?. Therefore we expect > p>N?
many 3APs and this is > 1 if p > N~2/3. Heuristically then if A is a random set
of size > N'/3 then we might expect there to be 3APs. So certainly a random set
of size > N should contain 3APs.

At the other extreme, what happens if A is very structured, like being an arith-
metic progression itself? Well then clearly A contains lots of 3APs. Note that,
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importantly, this is true whichever progression A is, as there are no ‘local obstruc-
tions’. This should be compared to the similar problem of finding solutions to
x + 1y = z — here there are obvious obstructions and we can take A to be the set of
odd numbers, a set with density 1/2 without solutions.

So if A is random or very structured then we expect to find 3APs. Of course
there are many sets which are neither, but the fact that in both extremes it’s true
that ‘if |A| > N then A contains 3APs’ with lots of room to spare (for random sets
|A| > N'/3 suffices, for structured sets |A| > 3 suffices) suggests that we might be
able to interpolate between both extremes to cover all sets. This interpolation is
the density increment method - given an arbitrary set either it’s random or we can
push it more towards the structured end.

The conjecture of Erdés and Turdn was proved by Roth in 1953, in what is
perhaps the birth of the density increment method.

Theorem 1 (Roth 1953). For any 6 > 0 there exists N <5 1 such that if
A CH{l,...,N} has |A| > 6N then A contains a non-trivial three-term arithmetic
PTogression.
In fact Roth proved the explicit estimate that if A C {1,..., N} contains no 3APs
then
N

A —.
4] < loglog N

For this theorem we can summarise the density increment method as follows:
(1) (therandom part)if A C {1,...,N}has |A| > Nand ), ., e(nf) = o(|A])
for every § € (1/N,1) (where e(z) = €®™®) then A contains non-trivial
three-term arithmetic progressions.
(2) (the density increment part) if > ., e(nf) > |A| then A has larger than

expected density on some arithmetic progression P C {1,..., N}.
(3) Now repeat, viewing P (say of length M) as a dilated/translated copy of
{1,...,M}.

Roth’s bound has been improved a number of times. In this course I'll discuss
in particular the following two landmark results, both of which use the density
increment method.

Theorem 2 (Bourgain 1999). If A C {1,..., N} contains no 3APs then

N
|A| < Tlog M) 1/2=(0)

The following result is a very recent breakthrough, which came as a big surprise.
For context, the best known lower bound (due to Behrend 1946) has a set A without
3APs of size

exp(c(log N) /%)

for some constant ¢ > 0.
Theorem 3 (Kelley-Meka 2023). If A C {1,...,N} contains no 3APs then

N

A
A< o (cliog M)1712)

for some constant ¢ > 0.
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I’ll sketch the Kelley-Meka approach, but will prove in detail the Bourgain result
— Bourgain’s proof is a masterclass in the proper use of the density increment
method and Bohr sets, and displays a lot of important technical details that are
glossed over in other treatments.

The rough plan for this course is to cover the following:

(1) Meshulam’s bound and the finite field model (3APs in F}).
) Bohr sets and basic theory.

) Bourgain’s bound.

) Chang’s lemma.

) Sketch of the idea behind Bateman-Katz.

) Sketch of the Kelley-Meka proof.

) Application of density increment to colouring problems.

) Energy increment method.

2. PRELIMINARIES

Asymptotic notation. We write f(xz) = O(g(z)) if there exists some constant
C > 0 such that |f(z)] < C|g(z)| for all sufficiently large . We will also use the
Vinogradov notation f < g to denote the same thing (so that f = O(g) and f < g
are equivalent). Occasionally we will use subscript notation to denote dependence
of the constants. For example, f <5 g means there exists some constant C(0)
depending on § such that |f(z)] < C(d)|g(x)| for all sufficiently large = (where
sufficiently large may also depend on §). We may write O(f) to denote some
unspecified function g which satisfies g = O(f) (for example, one can say (z+h)? =
z? + Op(x)).

We write f = o(g) if limz_ e (=)

g(z)
f < g < f. We also write f < g to mean f < (log X)°Mg where X is some
parameter usually clear from context.

= 0. We will also write f < g to mean

Functions. We will usually adopt an analytic point of view, in particular often
viewing sets A C G as their indicator function

4 (2) 1 ifxze€e Aand
xTr) =
A 0 otherwise.

We define the convolution of two functions f,g : G — C by
Frgle)=> fwglx—y)= > f)g2)
yeG Yy+z=x
It’s convenient to define the difference convolution by
fog@) =Y flx+2)9(z)= > f(ya(2).
z€G Yy—z=x

We also define the inner product by
(£.9) =) fla)g(a).

We note here the trivial, but useful, adjoint property, that
(fxg,h) =(f,hog).
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Indeed, this is nothing more than an analytic expression of the triviality

r4+y=z ifandonlyif z=2z—y.

Dyadic pigeonholing. Suppose we have a function f : X — [§,A]. The idea
of dyadic pigeonholing (sometimes called ‘layer-cake decomposition’ in harmonic
analysis) is to divide the domain into level sets of the shape {z : 2¥ < f(x) <
2F+11. There are O(log(A/d)) many such level sets we need to consider, which
for many applications is a negligible factor. Ignoring this factor therefore we can
essentially assume the function is constant up to a multiplicative factor. This is
very useful for both proofs and heuristics, and can be used as a more informative
version of the Cauchy-Schwarz inequality (or Holder’s inequality). For example if
f:X —={1,...,M} then we know by Cauchy-Schwarz that

S s X7 (X sw)

zeX

On the other hand, by dyadic pigeonholing, there exists some set S C X and an
integer K such that f(z) < K on S and

ISIZ K'Y f(a).
It follows that

S f@)? > KIS > K> f(x).

z€eS
Since |S| < | X| we know that K > |X|™" 3 f(«), and so this recovers the Cauchy-
Schwarz conclusion (a little weaker by a factor of O(log M)). If f is roughly constant
on X then S = X and we get nothing new. If not, however, then we have done
better than Cauchy-Schwarz by having > ¢ f (7)? large with a much smaller S.

Of course there are various equivalent ways to do this — the observation that

Cauchy-Schwarz can be improved if the function is not constant can be formalised
in various ways. I find, however, this coarse dyadic pigeonhole trick to be the easiest
to think about.

Fourier analysis. For any finite abelian group G, we can consider its dual group
G of characters, which are homomorphisms v : G — C. The set of characters can
be made into a group, with the group operation given by pointwise multiplication,
so that (7 - A)(z) = y(x)A(z). We will use 1 to denote the trivial character, the
identity of G. We will always use lower-case Greek letters to denote characters, and
will use additive notation for the group operation in both G and G.

Lemma 1. If G is a finite abelian group then G is isomorphic to G. (In particular
it is also a finite abelian group, and is of the same order.)

For example, if G = Fy, then for any v € F) we have an associated character
V(x) == e(y-z/p),
with e(z) = €. Similarly, if G = Z/NZ, any v € Z/NZ yields a character by
v(z) = e(yz/N)

(where we think of v and « as integers in {1,..., N}, for example).
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We will adopt the convention that when talking about G we will use the ‘counting
measure’, i.e. unnormalised sums. When dealing with G , we will use the ‘probabil-
ity measure’, which is just a sum but normalised by dividing through by the size
of the group. (There are good philosophical reasons for this: it is known that the
dual operation turns discrete groups (which naturally have the counting measure)
into compact groups (which naturally have a probability measure), and vice versa.
As G is finite, it is both compact and discrete, so one could use either the counting
or probability measure, and both are defensible positions. If we decide to prioritise
that G is discrete, in using the counting measure, then it is natural to view G as a
compact group above all else, hence the probability measure.)

Thus the natural inner product for functions on G is

(f.9) =" f2)g(a).
zeCG
When dealing with G it is convenient to introduce new notation that hides the

normalising factor — convention in this area is to use expectation notation. In this
context it has nothing to do with probability, but is defined as

E 0= X s

ve@ ~e@G
Use of the expectation notation is widespread in additive combinatorics, and is a
very convenient way of sweeping normalising factors under the rug. In general, one
should just view it as a sum, and check at the end that the normalising factors of
1/ |G| go where they should.

Definition 1. For any f : G — C we define the Fourier transform of f to
be the function f : G — C defined by

F == fl@n@ =) fl@)(-2).

zeG

Lemma 2 (Parseval’s identity). For any f,g: G — C,

(f,9) = {F,9).
In particular, || f|l2 = ||f||2 for any function f: G — C.

Proof. This is simply writing out the definitions and rearranging (remember all
sums are finite, so no delicate analytical issues arise), and using orthogonality:

(f,9)=>_ f(z)g(x)
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O
Lemma 3 (Diagonalising convolution). For any f,g: G — C,
fx9=171-9
and o
fog=1r-3.

Proof. By definition, for any v € @,
Frgtn) =Y f@)gw(z+y).
z,yeCG
Since y(z + y) = v(x)y(y) this sum factorises and we’re done. The other claim is
proved in a similar fashion:

Fog(m) = > fla)gy@—y) = <Z f(x)v(m)> > 9w

z,yeG zeG yeG

In particular, for example, if A C G then
]-A/EA = |a|27
and so the Fourier transform of 14 014 is always a non-negative real number. This

is much more convenient that the Fourier transform of 14 * 14, which may take
complex values. This is one reason why it is often more convenient to work with o

than .
Finally, we remark that the Fourier transform is invertible, in the following sense.

Lemma 4. For any f: G — C and any x € G,

(@) =K For@).

The proof is a simple exercise in orthogonality (or follows directly from Parseval’s
identity).



CHAPTER 2

Lecture Two

3. ROTH’S THEOREM IN IF;”

The most interesting setting for additive combinatorics is usually the integers
— but the questions make sense over any abelian group. It is often much simpler
to study these questions over a simpler abelian group such as Fj, where p is some
fixed small prime. This is known as the ‘finite field model’ (there are now no less
than three surveys on this, due to Ben Green, Julia Wolf, and Sarah Peluse).

The point is that [} behaves like a very rigid /structured version of the integers,
so many technical difficulties are smoothed over. Assuming the kind of proof tech-
niques we use are robust enough (e.g. Fourier analysis) the hope is that when we
go to the integers and replace exact structure by approximate structure a form of
the same proof, with the same basic ideas but more technical workarounds, will go
through.

Question 2. Let p > 3 be a fixed prime. What is the size of the largest A C F}
that does not contain a three-term arithmetic progression? (i.e. z,z + d,z + 2d
with d # 0, or equivalently, a solution to z +y = 2z with = # y).

We remark here that it is much more convenient to count all solutions to x+y =
2z, even those ‘trivial’ ones with x = y = z. Generally, from now on, when I say
3AP I will include such trivial ones.

Before the proof, we'll give a big picture sketch. We are given a set A C [y}, and
all we know about it is its size. Suppose A has no non-trivial 3APs. We want to
show o = |A] /p™ is small. The idea of the density increment process is to show
that either:

(1) A has > o*p®" many 3APs (the ‘random’ case), and hence
(a) A is very small, o < p~™/2, and done, or
(b) A has non-trivial 3APs, contradiction,
or,

(2) A must be structured in the following weak sense: it is not well-distributed
across different cosets. In particular, there is a large (coset of a ) subspace
W < F) on which the density of A is large.

But then we zoom in on A intersect this coset. Translate the coset so that it’s also
a subspace. There are still no 3APs, since 3APs are translation invariant. So we
now have a large subset of W without 3APs. Do it all over again! We can’t carry
on in the second case forever, since the density can never go past 1. So at some
point exit in the very small case.

In this section we’ll make the above sketch rigorous. Fourier analysis will be
essential in the structured case, and we will use it to find the subspace on which A
has increased density.
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Our goal is to prove the following estimate.

Theorem 4 (Meshulam). If A C F} has no non-trivial three-term arithmetic pro-

gressions then
n

b
(In particular, |A| /p™ — 0 as n — c0.)

(Note that, writing N = p™ for the size of the group, this upper bound looks
like |A] < N/log N, which is better than Bourgain’s upper bound of |A| <«
N/(log N)'/?+°() — but Bourgain’s bound works for the harder setting of Z/NZ!)

Our main tool is the following lemma, which says that if A has no 3APs then
either A is small, or there is a large density increment.

Lemma 5. Let V be an n-dimensional vector space over ), and let A C V be
a subset of density « = |A|/p"™. Suppose that A has no non-trivial three-term
arithmetic progressions. Then either

(1) 1A < (2p™)'2, or

(2) there is a subspace V' <V of codimension 1 and x € V' such that

[(A—z)N V|

1
‘V/| 2 (1 + ZO&)O{.

Before proving this, we will show how to use it iteratively in a density increment
fashion to prove Meshulam’s theorem. There are various different ways to phrase
this. We find using the language of maximality the most straightforward.

Proof of Theorem [} Let A C 7 be a fixed set of density o > 0 without non-trivial
3APs. Our goal is to show that o < p™/n. If a < p~™/4 then we’re done, so suppose
that o > p~™/%. Also, note that it suffices to prove the bound for large n, since for
small n we can just use the trivial |A| < p™ and change the hidden constant in <,
accordingly.
Let £ > 0 be maximal such that the following holds. There is a sequence of sets

Ap, ..., A and associated vector spaces Vj, ..., Vi such that

(1) Ap = A and Vp = Fp,

(2) Ai g ‘/iv

(3) A; has no non-trivial three-term arithmetic progressions,

(4) if a; = |A4|/ |Vi] then

aip1 > (1+ a;/4)a,
(5) [Vigal = [Vi| /p.
How large can k be? Well, simple induction shows that
a; > (1+a/4)'a>(1+ia/d)a.

In particular, after [4/a] many steps, a; > 2a. After another [4/2a] many steps,
a; > 4a, and so on. In the end, after

r

> 4/2a]

=0
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many steps, the density is > 2"« — but since trivially the density is < 1, this forces
r < log(1/a). So

O(log(1/a)) 00
k< > [4/27a] < (4/2'a) + Olog(1/a)) < a™™.
1=0 =0

In particular, we can assume that k < n/10, or else a=! > n, and so a < 1/n as
required.

Now let’s see what Lemma [f] tells us, applied to Ay C V,. By maximality of k,
the second condition of Lemma can’t hold: otherwise we could let V41 = V'’ and
Agy1 = A — x. Therefore the first condition must hold, and so

|Ar| = ay [Vi| < [Vi|'2.

Hence

p Mt <a<a < |Vk|71/2.

But by induction |Vi| > p"~* > p°*/1% and hence

—n/4 —9n/20
)

p <p

which is a contradiction for large enough n. O
To complete the proof of Meshulam’s theorem, or Roth’s theorem in Fy, it re-
mains to prove Lemma [5| The strategy is the following:

(1) Write the difference between the actual number of 3APs in A and the
‘expected’ number of 3APs in a set of the same density as an inner product
involving 14 and the balanced function 14 — a.

(2) If A has no non-trivial 3APs, and is not too large, then this difference is
large in absolute value.

(3) Apply Parseval’s identity, to convert this inner product into one involving
the Fourier transform of 14 and 14 — a.

(4) Deduce from the largeness of this inner product that there is some v # 1
at which the Fourier transform of 14 — « is large.

(5) Show that if V' is the subspace which is orthogonal to v, which has codi-
mension 1, then the large Fourier coefficient from the previous point creates
a density increment on some coset of V.

Proof of Lemma[5 We will think of V as just [, and all Fourier transforms, sums,
and so on, will be taken over this group. The number of 3APs in A can be written

as
Z 1;c+y=2z: Z Z laf—f—y:w: Z lA*lA(’U))=<1A*1A,12.A>.

z,y,z€EA T, yeEAwE2-A we2-A

Here we are using the obvious notation 2- A = {2a : a € A} — note that since F}) is
a group of odd order g — 2g is a bijection, and in particular |2 - A| = |A].

We will now compare this to the amount of 3APs we ‘expect’ to see in A. The
most convenient way to do this is to consider the same inner product with 14
replaced by alg — that is, the constant function on [} which maps every element
to . This can be viewed as the first-order approximation to A, which agrees with
it in density, in the sense that > 14(z) = |A| = ap™ =), alg(x). As a constant
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function on the entirety of G, it is much easier to count 3APs weighted by this
function, even if we only replace one copy of 14 by alg:

<OélG * 1A, 12‘A> = a<1G * 1A7 12»A>
=aflg,12.4014)

=« Z Z log—p=z

z€G \a,beA

= alAf
_ a3p2n.

This is, recall, the number of 3APs we expect from A if it were a random set of
density a. To compare the difference between the actual count and the expected
count, we take the difference: let f4 = 14 — alg be the ‘balanced function’. Then,
using the fact that the number of 3APs in A is just |A| (since only the trivial ones
with d = 0 appear), we have

(fa*la,19.4) = (Lax14,15.4) — (adg * 14, 12.4) = [A] — o®p*" = ap™(1 — &*N).

In particular, if the first case does not hold, then 1 — a?N < f%azp”, and so

[(fa*1a,12.4)| > La®p®".

We now write the left-hand side using Fourier analysis: Parseval’s idenity and the
fact that the Fourier transform diagonalises convolution yields

(fa*1a,10.4) = (fa - 1a,15.4).

Writing out the definition of the inner product and using the triangle inequality,
we therefore get

&) IE [7a0)| |[Tao)| [Tza()] = Sa?p>.

‘We now make two observations about the left-hand side: the first is that the trivial
character v = 1 makes no contribution, since

ﬁ(l) = ZfA(m) = ZlA($) — Oélg(x) = |A| — ap" =0.

Secondly, we use the Cauchy-Schwarz inequality and Parseval’s identity to see that
o\ /2 N\ /2
E[no|mol< (Bl5ef ) (Elmof)
¥ Bt ¥

= [Lall2l12.all2

=14].
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Using this and (1)) we have

sup‘fA(w)‘ap"'zsup‘fA ‘E‘lA H12A )‘
y#1 Y#1

-E Fa)| || | 2200

2 p2’ﬂ .

N)\»—A

In particular, there must exist some v # 1 such that | f A( )| > $a2p™. (Compare

this to the trivial upper bound |f;(7)| < 2ap™ from the triangle inequality.)

Let V' be the subspace which annihilates v — that is, the set of all x € Fy
such that -2 = 0 (recalling our identification of Iy with @, this is equivalent to
~v(x) = 1 viewing ~ as a character). This is a subspace of codimension 1. The key
observation is that v (viewed as a character) is now constant on cosets of V’ — if
the cosets of V' are v1 + V', ..., v, + V' and if z € v; + V' then v(z) = y(v;).

We know that |E(fy)| > a?p"/2. To see what this has to do with V', we write

out the Fourier transform as follows. Let V7,..., V] be the cosets of V'. Then
fa(r) =Y (La(w) — alg(@))y(x)
T€EA
p R
=> | X (la(e) — alg(@))y(x)
i=1 \zeV/

v(wi) (JANV]| —ap™™1).

I
NE

1

o
Il

We want to show that there exists some i such that [ANV/| —ap"~! > 1 2p” L

One immediate problem is that we only know about the absolute value of f A( ).
The second is that the sum above is a sum of complex values, so extracting infor-
mation about individual summands from a bound on the sum is difficult. We will
now show how to get around such difficulties.

Let ¢ € C be such that Eﬁ(v) = |?Z(7)| (so |c] = 1), and consider

(aner+ 1) =efa0) + 3 falo) = |7a)-

In particular, this inner product is a non-negative real number. The function x —
cy(z)+1 is constant on cosets of V' - say, takes the values z1, ..., z,. So if we split
the inner product into a sum over V; for 1 <4 < p as above, then

(fa,ey+ 1) = sz (|AOVi’| —ap"_l) )
i
Since the left-hand side is a non-negative real value, and is > %oﬂp”, we have

ZRe(wi) (JANV!| = ap™ ') > 1a”p™.
i
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By averaging (which is now possible since this is a sum of real numbers), there
exists ¢ such that

Re(z;)(JANV/| —ap™™") > Lap" '
Finally, we note that Re(x;) € [0, 2], and so we’re done. (Note how vital it was that
we introduced the +1, or else Re(x;) € [—1,1], and we might have found a density
decrement instead of an increment.) (]

A lot of the above argument makes sense in any finite abelian group, such as
Z/N7Z. Where we made essential use of the fact that we’re working in [}, was saying
that there is a subspace V', which is large, on which v(z) = 1. This is the utility of
having plentiful subspaces around, which can exactly annihilate any character. In
7/NZ, this is no longer possible — for example, if y : z — €>™*/N  then ~v(z) = 1 if
and only if x = 0. So we cannot hope to find a large subgroup on which - vanishes
exactly.

We will instead pass to the subset of those z where y(x) ~ 1 — that is, where
|y(x) — 1] < € for some small € > 0. With this choice, for suitable €, something
similar to the previous argument can be made to work for Z/NZ — but the details
become more complicated, since these sets are no longer closed under addition.



CHAPTER 3

Lecture Three

4. BOHR SETS

In this section we will define Bohr sets, which are a generalisation of subspaces
that exist for any finite abelian group, and explore their properties. In this section
G is an arbitrary finite abelian group, of order N.

Definition 2 (Bohr set). Let I' € G and p € [0,2]. The Bohr set with
frequency set I' and width p is the set
Bohr(T';p) ={x € G : |1 —v(z)| < p for all y € T}

If A > 0 and B = Bohr(T';p) is a Bohr set then we will write B, for
Bohr(T'; Ap), which we call B dilated by A. The size of T is called the
rank of the Bohr set.

Important: The frequency set I' and width p is not uniquely determined
by the corresponding Bohr set! (For example, Bohr(I';2) = G for any T'.)
Formally, it would be most proper to always talk of triples (Bohr(T; p), T, p),
but this notation is very cumbersome. Thus we adopt the convention that
whenever we refer to a ‘Bohr set’ B, we are also implicitly fixing some I'
and p such that B = Bohr(I'; p).

Before giving some examples, we note some basic properties.

(1) A Bohr set B is always a symmetric set (i.e. B = —B) which contains 0.
Indeed, this is immediate from the fact that v(—z) = v(x) and v(0) = 1
for any v € G.

(2) Bohr sets are decreasing in frequency sets, in that if ' O T” then Bohr(T; p) C
Bohr(I; p).

(3) Bohr sets are increasing in width, in that if p < p’ then Bohr(I';p) C
Bohr(T; p').

(4)

Bohr(I'; p1) 4+ Bohr(T'; p2) € Bohr(I'; p1 + p2).

This follows from the triangle inequality, since

1= 7(z1 +2)| = y(=21) = (@) < 1 = (@2)[ 4+ [1 = y(22)].
In particular, B 4+ B) C Bi4a.

One should think of the Bohr sets with fixed frequency set I' as a family of
neighbourhoods of the origin — where we begin with Bohr(T'; 0) and expand outwards
until eventually Bohr(T';2) = G.

14
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A Bohr set of rank d is the inverse image of a cube of dimension d: if we consider
the map from G — C¢ where z — (y(z)),er then Bohr(T; p) is the inverse image of
the cube of side-length 2p centred at 1. This inverse map is not a homomorphism
or anything particularly well-behaved, but still this view of a Bohr set of rank d as
the pullback of a d-dimensional cube provides useful intuition.

Examples. Before giving some concrete examples, it is convenient to note the
following estimate. Recall that e(x) = €. We note that if § ¢ Z then

|1 —e(0)| = |e_”0 - e”i0| = 2 sin(7d)].
We now recall Jordan’s inequality:
2 |a| < [sin(2)] < =],

valid for any x € (—n/2,7/2]. In particular, if ||0|| denotes the distance of 6 from
the nearest integer, then

Allo] < [1 - e(0)] < 2n|0]].

For our first example, recall that if G = I then the group of characters G
can be identified with F itself, where v € F} is identified with the character
x +— e(y-x/p). In particular, if p < 4/p, then |1 — v(z)| < p implies ||y-z/p|| < 1/p.
But -z €{0,...,p— 1}, and so the only way this is possible is if 4 -z = 0. That
is, provided p < 4/p, we have shown that, for any I" C Fy,

Bohr(I';p) ={z € F) :v-2z =0 forall y € I'}.

That is, the Bohr set with frequency set I' is precisely the subspace of F}; which
is orthogonal to all v € I'. This is very convenient, and goes a long way towards
explaining why proofs over F} are much more straightforward: provided the width
is sufficiently small (less than some absolute constant depending only on p), Bohr
sets in I} are exactly subspaces (and vice versa). In particular they are closed
under addition.

The advantage of Bohr sets in general is that they offer an analogue for ‘sub-
spaces’, but they exist for any group, even those without subgroups. This is a good
general heuristic picture to have in mind when thinking about Bohr sets: “A Bohr
set of rank d plays the same role as a subspace of codimension < d.”

Let’s consider what Bohr sets look like in Z/NZ., when N is prime. Again, the
group of characters can be identified with Z/N7Z itself, with v € {0,...,N — 1}
identified with the character x — e(ay/N). Consider first the case of rank 1. Tt
is easy to see that Bohr(T'; p) is just an arithmetic progression, centred at 0, of
length = pN — for example, when I consists of the character « :  — e(z/N), then
|1 —~v(z)| = /N, and so x € Bohr(I'; p) if and only if |z| < pN. Changing to a
different just dilates this interval, which is another arithmetic progression of the
same length. Thus: “Bohr sets in Z/NZ of rank 1 are exactly those symmetric
arithmetic progressions containing 0.”

Bohr sets of higher rank are a little more mysterious, and to understand their
structure better we will need some tools from the geometry of numbers. We will
explore this further in Chapter 4.

We now return to Bohr sets in general, over an arbitrary finite abelian group.
The first basic question is: how large are Bohr sets? Heuristically, if v(z) were
distributed equally over the unit circle, then |1 —~(z)| < p would be true with
‘probability’ & p. Assuming this event is independent for each v € I', we might
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guess that the proportion of x € G that belong to a given Bohr set B of rank d is
roughly = p?, and so |B| ~ p?N.

Note that this heuristic also agrees, up to a constant, with what we know about
Bohr sets in Fy: if p < 4/p then B = Bohr(I'; p) is the subspace of F} which
annihilates I', which has size p’d/N , where d’ < |T'| is the number of linearly
independent elements in T'. In particular, if I' is linearly independent and p & 4/p,
then |B| = p~ 4N =~ (p/4)¢N.

Of course, this heuristic does not always work — for one thing, the distribution
of y(z) will not be independent, especially if e.g. both v and 2+ are elements of T’
(which can already be seen in the [, subspace case, where d’ may be much smaller
than d). We can show, however, that this heuristic does work for providing a lower
bound on the size of B.

The same idea also shows that dilating a Bohr set at worst reduces the size of
the set by a factor exponential in d. This agrees with the heuristic that a Bohr set
of d behaves like a cube in dimension d.

Lemma 6. If B is a Bohr set of rank d and width p € (0,1] then
[B| > (p/8)"N.
Furthermore,
|Bi/2| > 87¢|B.
In particular, for any 0 < § < 1, we have
|Bs| > (6/2)°|B].

Proof. Let B = Bohr(I'; p). We can cover the unit circle in C by at most [27/p]
many circles of radius p/2. In particular, G is covered by at most [27/p]? many
sets of the shape

{x € G :7y(x) € Dy for all v € T'},
where each D, is a circle of radius p/2 (possibly different circles for different ). If
X is any such set, then X — X C B by the triangle inequality: suppose that v € T’

and z1,x2 € X, say y(x1) and y(z2) are both in the circle with centre a and radius
p/2. Then

1 =(z1 = @2)| = [y(21) = y(22)] < |a = v(21)| + |a =y (w2)| < p.
In particular, | X| < |B|. It follows that
N < [2n/p]?|B],

and the claim follows, since [z] < z + 1 < (1 + 1/27)x for any « > 2w, and
2r4+1<8.

The second bound is proved similarly, except that now we cover just the part of
the unit circle which is distance < p from 1. This is covered by at most 8 circles of
radius p/4, and hence B is covered by at most 8¢ many sets of the shape

X'={zx€G:v(z) € D, forall y € T},
where each D, is a circle of radius p/4. As before, we have that each such X’ satisfies
X" — X' C Byjy,and so | X'| < |Bl/2|, and thus |B| < 8¢ |B1/2| as required.
To deduce the third bound, let k¥ > 1 be such that 27% < § < 27+l By k
applications of the second bound,

|Bs| > | Byjor| > 272 |B| > (5/2)% | B|
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as required. O

Bohr sets are, in general, not even approximately group-like, and may grow expo-
nentially under addition. Indeed, recall that Bohr(T'; p) +Bohr(T'; p) C Bohr(T'; 2p).
If this containment is sharp, and we expect a Bohr set of rank d and radius p to
have size ~ p?N, then this suggests that |B + B| ~ 2¢|B| - not so much a problem
for d = O(1), but as d — oo this becomes very bad indeed!

Thus Bohr sets are, in general, not even approximately group-like. This quickly
leads to disaster when naively trying to do Fourier analysis. We can salvage some-
thing, however. Note that if B is a Bohr set of rank d then, for any A > 0, the above
heuristic suggests that B + By ~ Biyx ~ (1 + A)¢|B|. In particular, if A\ ~ 1/d,
then this doubling constant becomes very small, on the order of 1 4 o(1), much
more group-like!

The slogan here, then, is that a Bohr set B behaves like a group, and is ap-
proximately closed under addition, provided we only translate by elements in some
narrow dilate Bo(1/q). (As a sanity check, see what happens in [} - as soon as
the width drops below some absolute constant then the Bohr set doesn’t change,
and so any dilate of B is B again, and this is just saying that subspaces are closed
under addition.)

Unfortunately, even this is not true in complete generality — basically because
the heuristic that |B| ~ p?N is not definitely true, and it may be that |B;, | is
much larger than we expect. Fortunately, this is not typical behaviour, and an
ingenious argument of Bourgain shows that every Bohr set is ‘close’ to one that
behaves how we’d expect. We first formally define what kind of behaviour we’re
after: a kind of continuity of size, in that small changes in the width should not
change the size too much.

Definition 3 (Regularityﬁ). A Bohr set B of rank d is regular if for all
0 < 6 < 1/200d we have

|B14s| < (14 200d9) | B]
and
[Bi—s] > (1 - 200d5) |B].

%The constant 200 here is fairly arbitrary — smaller constants also work, but the proofs
become messier. The point is that 200 is a fixed, absolute, constant.

For example, if B is regular, then in particular, for any 0 < § < €/200d, we have
|B + Bs| < |Bi4s] < (14200dd) |B| < (1+¢)|B|.

Thus, as discussed above, regular Bohr sets have small sumset with their (narrow)
dilates.

Not all Bohr sets are regular! Here’s a simple example. Let I' C Fy be some
linearly independent set of size d, and consider the Bohr set in F4 with frequency
set I' and width 2 — ﬁ. Since the characters in G only take the values £1, if
|1 —~v(z)| < 2 theny(z) = 1, and so B is the subspace of characters orthogonal to T,
which has 27~<. On the other hand, if § = 1/200d, then since (1+6)(2—1/200d) > 2
we see that By, s = F%, which has size 2", and so | By 5| > 2¢|B|. A slight change
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in the width has resulted in an exponential factor increase in the size. Similar
examples can be given for any Fj and, with a little more work, for Z/NZ.

It’s clear what’s gone wrong here — we maliciously chose our initial width p to
be very close to some significant threshold, and then dilating it by a factor of 1+ 9
pushed us over this threshold, causing a massive jump in size. The key observation
is that this malicious choice can be undone if we’re allowed to tweak the initial
width slightly.

Bourgain showed that this is always true — every Bohr set can be turned into a
regular Bohr set by dilating the initial width. A slogan form of this result is that
“bad choices for the width are avoidable”.

Lemma 7 (Bourgain’s Regularity Lemma). For any Bohr set B there exists A €
[2,1] such that By is regular.

In the proof of Lemmal[7] we will need the following charming elementary result.
(This lemma is probably folklore, but I first learnt of it from an expository note on
Bourgain’s result by Ben Green [5].)

Lemma 8. Let Z be a collection of open intervals in R whose union contains a
closed interval of length X\. There is a finite collection Ir,...,I, € T of disjoint
intervals with total length at least \/2.

Proof. By compactness, there is a finite subset of intervals from Z that contains
the same closed interval of length A. Let Z’ be a minimal such set. Fix x € R, and
suppose that there are at least two intervals in Z’ containing x. Let I = (ars,by)
and J = (ay,bs) be two such intervals, chosen such that a; < z is minimal and
by > x is maximal. In particular, if (a,b) € Z also contains z, then a > a; and
b < by, and so (a,b) C I UJ. By the minimality of Z’, we deduce that (a,b) & 7,
and so x is contained in at most two different intervals in Z'.

If we list Z as I, ..., I,, where I; = (a;,b;), ordered such that a1 < ag <--- <
an, then we must have

a1 <ay <by <az<by<ag < <bp_y < by

In particular the odd intervals Iy U I3 U --- are all disjoint, and so are all the even
intervals I U I, U ---. By the pigeonhole principle at least one of them must have
measure at least \/2. O

We now prove Bourgain’s regularity lemma. The basic idea is the following:
regularity roughly says that perturbing the width by an (additive) factor of O(1/d)
does not change the size by more than O(1). If we have repeated failures of regu-
larity for every A € [1/2, 1], then we can make ~~ d many steps (each of size O(1/d))
going from width 1/2 to width 1, each time increasing the size of the Bohr set by
a multiplicative factor. But this means that |B| > C? By 5| which, for a suitably
large constant C' > 8, contradicts the fact that |B| < 8¢|By 5| from Lemma@ The
previous covering lemma, and a careful choice of initial constants, allows us to carry
out this procedure and get the desired contradiction.

Proof of Lemma[7 Let B be the Bohr set Bohr(T; p). To make things more visible,
let B(6) = Bs = Bohr(T'; §p).

Suppose that the lemma is false. This means that for every A € [3, 1] there exists
some 0 < 6 < ﬁ such that either

|B((1+8,)A)| > (1 + 20005d) |[B(N)] -
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or
|B((1 = dx)A)| < (1 —2000xd) |B(A)[ .
In either case, we have
[B((1 4 0x)A)| > (14 1006xd) | B((1 = dx)N)].

Consider the collection of intervals of the shape I, = ((1 — 2dx)A, (1 + 25)\))\) for
all A\ € [ 4 1o55> 1 — To5)- By Lemma |8 there is some finite set {)\1 << Ak

such that the corresponding I, are all disjoint and have total measure at least
1/4 —1/100d > 1/5, and so

D 46N > 1/5,
and so
> 6x, > 1/20.
Since (1 —dx,)A\1 > 1/2 and (1 + dx, ) Ak < 1 we have
[BA/2)] _ B =\ )A)|
1Bl 7 [B((1+6x,) )|
We further note that, since the disjointness of the intervals above implies that
(T4 6x,)N < (1 =6, i+1, we have
|B((1 B 6)\i+1))‘i+1)‘ >1
[B((1+6x)A)|  —

Therefore, using our initial assumption,

1+1)

[B(1/2)] _ [B((1=dx)M)|
1Bl 7 [B((1+0x,) )]
|B((1 —06x,)A)]
E [B((1+0x,)\)]
k
H 14 1006y, d

Using the inequality 1 + 2 > €*/2, valid for all 0 < 2 < 1, this implies
1B(1/2)]
Bl

say, since 5/2 > log8. By Corollary @ however, the left hand side is at least 8¢
and we have a contradiction. O

< exp(— d)) <874

The following lemmas indicate how regularity of Bohr sets will be exploited. It
allows us to remove convolutions by a narrow dilate of B (with a small error).

Lemma 9. If B is a regular Bohr set of rank d and B’ C By, with 0 < § < 1/200d,
then for any function f supported on B satisfying |f(x)| < M for all x € B,

(f\1p*1p) = (f,1p) |B'| + O(6dM |B||B')).
In particular, if A C B, then
(14,15 % 1p/) = |A||B’| + O(6d|B| | B'|).
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Proof. We have, since f is supported on B,
(f1p*1p) = (f,1p)|B'| =Y f(x) (1 * 1p(x) - |B')).
z€B

By the triangle inequality, this is at most

MY Jipxlp(a) = |Bll=MY |> (px-y)-1)

reB rEB |yeB’

<MYy fiple—y) -1
yEB' z€B
=M > |B\(B+y)
yeB’
We now note that By_s C B +y — indeed, if z € By_s and y € Bs then z —y €
Bi_s + Bs C B. Therefore, by the definition of regularity,

|B\(B +y)| < [B\B1-5| < éd|BJ,
and the proof is complete. ([

5. BOURGAIN’S BOUND FOR ROTH’S THEOREM

We will now prove Bourgain’s bound for sets without three-term arithmetic
progressions. The overall strategy is to mimic the proof we did in Fy, but with
Bohr sets playing the role of subspaces. The main complication is that since Bohr
sets are not closed under addition by themselves, but are approximately closed
under addition by a narrow dilate (at least, if the Bohr sets are regular), we will
have to work with several widths of the same Bohr set simultaneously.

Our goal is the following result.

Theorem 5 (Bourgain 1999). If A C {1,...,N} has no non-trivial three-term
arithmetic progressions then

log log N\ /2
Ogog) N

A
| |<<< log N

In particular, |A| /N — 0 as N — occ.

An immediate problem if we try to prove this theorem is that {1,..., N} is not
a group! Everything we’ve developed in this chapter has been for finite abelian
groups. So we will in fact prove the following.

Theorem 6 (Bourgain 1999). Let G be a finite abelian group of odd order N. If
A C G has no non-trivial three-term arithmetic progressions then

loglog N 1/2
A —_—— N.
| |<<< log N )

(Note that this also includes the case when G = [y with p > 3 an odd prime,
but of course in this case we have already proved the much better bound |A4| <
N/logN.)

Even though {1,..., N} is not a group, there is a neat trick that allows us to
deduce Theorem [{] from Theorem [6l
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Proof of Theorem [5 assuming Theorem[f Suppose A C {1,...,N} contains no
non-trivial 3APs. Let M = 2N — 1. Suppose that A had a non-trivial 3AP modulo
M. This means that there are distinct z,y, z € A such that z + y = 2z (mod M).
But since 1 < z,y,z € N, we have

—M<2-2N<z4+y—2z<2N-2< M.

Therefore  + y — 22 = 0 (mod M) implies  + y — 22 = 0, and we have found
a genuine non-trivial 3AP in A, which is a contradiction. Therefore A, viewed as
a subset of Z/MZ, also has no non-trivial 3APs, and so Theorem |§| applies with
G = Z/MZ. Therefore

log log M 1/2 loglog N 1/2
A —_— M —_— N.
Al < ( log M ) < log N

O

As for the proof of Meshulam’s theorem, we will first state the density increment
lemma we will use, and then show how Theorem [§] follows from it.

Lemma 10. Let B be a regular Bohr set of rank d and width p. Let A C B be
a subset of density a = |A|/|B|. Suppose that A has no non-trivial three-term
arithmetic progressions. Then there is a constant ¢ > 0 such that either
(1) |A] < (/)@ |B]"/2, or
(2) there is a regular Bohr set B' C B of rank < d+1 and width > p(a/d)°™)
and x such that

[(A—2x)NB|
|B'|
We will now prove Theorem [0] by repeated applications of Lemma

> (14 ca)a.

Proof. Let A C G be a fixed set of density a > 0 without non-trivial 3APs. We
can assume, without loss of generality, that a@ > 1/log N, or else we are done
immediately.

Let £ > 0 be maximal such that the following holds. There is a sequence of sets
Ay, ..., A, and associated Bohr sets By,..., B, with ranks dy, ..., d; and widths
po > -+ > pg, such that

(1) Ao = A and By = G, with dy = 1 and py = 1 (taking the frequency set to
be just the trivial character, for example),
(2) A; C By,
(3) A; has no non-trivial 3APs,
aip1 > (14 caj)ag,
where ¢ > 0 is the constant from Lemma [I0]
(5) d; <i+1, and
(6) pit1> (Oé/dz‘)o(l)m-
Just as in the proof of Theorem |4} part (4) implies that k < a~!.

We now apply Lemmal[I0|to A; C Bj. By maximality of k, the second condition
of Lemma [10] can’t hold, and so (since dj, < k+1 < a™ 1)

1 - - -
g 5@ S ok < (/o) By < (1/0) % Byl 2.
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We now compare this to our lower bound for |Bg|. Since the rank of each Bohr set
is <k+1< a !, wehave for 0 < i < k, the width relationship

Pit1 > a®Wp;,

and so py > aO@) > a0, By our size lower bound for Bohr sets, Lemma @
we have

1Bi| > (ox/8)* N > a2 N,
Therefore,

< a 0@ ) BT « @ O N2,

log N
Rearranging and taking logarithms, this implies

a~?log(1/a) > log N.
Since we are assuming that a > 1/log N, we have log(1/a) < loglog N, and so

9 log N
loglog N’
and so a < (loglog N/log N)'/? as required. O

Before we prove the density increment lemma Lemma we need to prove two
supporting technical lemmas. These are to compensate for the fact that Bohr sets
are not closed under addition, and we need to work with narrower Bohr sets instead
and use regularity.

The first of our two supporting lemmas will be used to replace the fact that, in
Iy, we could exactly work out the number of 3APs when one of the copies of A was
replaced by G: namely that (1 * 14, 12.4) = o \G|2. This is no longer possible if
we replace G by some Bohr set. We will show that, using regularity, we can recover
a suitable lower bound for this count, if instead of replacing A we replace 2 - A by
2 Bs, provided ¢ is sufficiently small — or at least, either this is possible, or else we
have a density increment anyway.

Note that if A is a random subset of B of density «, then we expect for a Bohr
set B', we have (14 * 14,1p/) ~ a*(1p * 15,1p/). Provided B is regular and B’ is
contained in some suitable dilate of B, we also have (1g*15,1p/) = |B||B’| (since
15 is approximately invariant under translations by B’). The following lemma says
that (with B’ replaced by 2- Bys) either this approximation is true as a lower bound,
or else A has a strong density increment.

Lemma 11. Let B be a regular Bohr set of rank d and width p. Suppose that
0 < coar/d for some sufficiently small constant c¢o > 0 such that Bs is also regular.

Let A C B with density o = |A|/|B|. FEither
(1) (many ‘progressions’) (14 * 1a,12.5,) > $a* |B||Bs| or
(2) (density increment) there is a regular Bohr set B' of rank < d and width
> 6%p and an x such that

[(A—x)N B'|
|B'|
Proof. If the first condition fails then

10?|B||Bs| > (14 %14, 15.5,) = (1a,1o.p, 0 La).

> (1+1/256)c.
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This means that there can’t be too many elements of A where 15.5, 0 14 is large.
More precisely, decompose A = Ajarge U Asmall, Where
Alarge = {z € A: 1o, 0 1a(x) > 2a|Bsl}.
We have
302 |B||Bs| > (1a,12.8, 0 14) > o |Bs| | Atarge|
and $0 |Ajarge| < 2 |A|, and hence |Agman| > & |A].

So we know that Agp,an is large, so there are many elements in A where 19.5,014
is small. We now show how to upgrade this to find many elements in B where this
convolution is small. Let ¢ € [1/2,1] be such that Bs2 is regular. The key is to
note that, by regularity of By, for any z € Bs2,

|(2 - Bs — 22)\2 . B(g‘ = |(B(§ - Z)\B(§| < ‘B(lJrc(;)g\Bg‘ < od |B§| ,
and hence for any y € Agman we have
12.35 o ]-A(y+ 22) = |(2 - Bs — 22) n (A+y)|

<12 By (A+y)| +O(d|Bs])

= la.p; 0 1a(y) + O(dd | Bs)).
In particular, for any = € Agman + 2 - Besz, since § < cpar/d, provided c¢q is a small
enough, we have

12‘36 o 1A(JJ) < %Oé |B5| .

We therefore let Bgnan = B N (Asman + 2 - Bes2z). This is a subset of B where
1o.55 0 14 is small (as is Agman, but Bgman is probably much larger).

How large is Bgsman? We don’t know, but we will show that whether Bgpay is
large or small, we can obtain a density increment.

Case 1: Suppose that |Bgpan| < % |B|. In this case we consider the convolution
(La,, . * 12.B ;s 1p). By regularity, and noting that 2- B.s2 C B.s2 + B.s2 C Bacse,

(LA pan * 12:8 105 18) = Ly 18 * Lo.p_,) = [Asman| | Bes2| + O(6°d | B| | Besz ).

(Note that the adjoint property would suggest a ols. B,,» here in the second expres-
sion, but since Bohr sets are symmetric, it is the same whether we write o or * here!
This kind of substitution, between o and *, which are equivalent for symmetric sets,
will doubtless happen again.)

Provided 4 is small enough, this is at least (recall that |Asman| > 3 [A])

| Asman| [Besz| — 5 |Al[Besz| > 5 |A|[Besz| -

Since 14, * 12.3C62 is supported, inside B, on Bgpnan, we have

<1Asmall * 12'3652 ) 1B> < |Bsmall| mf‘x(lAsmau * 12'BC52 (l‘))

< % |B| rn?x(lA *la.p ., (2)).
Comparing the upper and lower bounds, we deduce that
max (A —x) N2 Beg2| = max 14 * lo.p_, (%) > 20| Bes2 |,

T T ©

and we have a density increment (even better than we needed), with B’ = 2 - Bse.

Here we are using the observation that if B = Bohr(T'; p) is a Bohr set then 2- B is
also a Bohr set of the same rank and width:

2 - Bohr(T; p) = Bohr(27'T; p),
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where
27N ={z—~(@2 '2):y e}

Here we use 2~ 'z to denote the inverse homomorphism to  — 2z, which exists
since G is a finite group of odd order, so x — 2z is an injective, and hence bijective,
homomorphism. Furthermore, if B is regular then 2 - B will also be regular, since
(2 B)11sl = 12+ Biysl = |Bissl.

Case 2: Suppose that |Bgpan| > 1—16 |B|. In this case we consider the inner
product (1s.p, 0 14,15). As above, by regularity, provided ¢ is sufficiently small,
we have

(lo., 0 14,18) > (1 — 5i5) |Al|Bs]| .

For an upper bound, we recall that if € Bypan then 1a.p,014(2) < %a | Bs|. Also,
for any x € B, either we have a density increment (with B’ = 2. By), or

lo.5, 0 1a(z) = |[(A+2) N2 Bs| < (1+1/256) | Bs| .
Combining these upper bounds, we deduce that
(la.s 014,1p) < %a | Bs| | Bsman| + (1 + 1/256)c | Bs| (| B| — | Bsman|)-
Comparing our lower and upper bounds and simplifying yields
(5 + 356) [ Boman| < 135 Bl

which contradicts our lower bound on |Bgpanl, and so we must have the required
density increment. (I

The previous lemma shows our need to work on two different scales at once, and
to count 3APs where two elements come from B but the middle element comes
from a narrowed copy Bs. This suggests that when working with A C B we need
to count 3APs where two elements come from A and the third comes from A N Bg.
There is a problem with this though — we don’t know how large AN By is. Indeed, it
might even be empty! Bs is (possibly) much smaller than B, so might entirely miss
A. To avoid this, we show that there exists some translate of A which is reasonably
large in both a narrowed copy of B and also in a doubly narrowed copy of B — or,
as above, we have a density increment that we’re happy with.

Lemma 12. Let B be a regular Bohr set of rank d and suppose A C B has density
a = |A|/|B|. Suppose that B', B"” C Bs where 6 = coae/d for some sufficiently
small absolute constant co > 0. Then either

(1) thereis anx € B such that|(A — z) N B'| > (1-2¢)a|B'| and |(A — ) " B"| >

(1 -2e)a|B"|, or
(2) there is an x such that
(A—z)NnB'| |(A—=z)nB"|
max( B : 57 ) > (1+€)a.

Proof. By regularity (in particular the second conclusion of Lemma 20),
(1ax1lp,1p)=(la,1px1p/)
= |A[|B'| + O(éd | B[ |B'])
= a|B||B'| + O(dd |B||B')).

In particular, provided < ca/d for some small enough absolute constant ¢ > 0,
we have

(La *1p,15) > (1 - ¢/2)a|B| B



DENSITY INCREMENT METHODS IN ADDITIVE COMBINATORICS 25

and similarly
(14 x1pr,15) > (1 —¢/2)a|B||B"|.
In particular, if ug = ﬁlgz and ppgr = IB—l,,‘lgu then
(Iaspp +1axpupr,lp) > (2—¢€)a|B|.
By the pigeonhole principle, there exists some z € B such that
laxpp () +1axppr(x) > (2—€)a.

If 1a*xpup () > (14€)a then we are in the second case, and similarly for 1 4% pupgr ().
Thus either the second case holds, or else both

1A *pr(x) Z (1 — 26)0(

and
lA * B (l‘) Z (1 — 26)0&

as required. ([

We are now ready to prove our density increment result, Lemma[I0] The overall
structure of the proof is very similar to the simpler case in F}), Lemma [5, but there
are complications due to having to work with Bohr sets of different widths.

Proof of Lemma[I0 Let A C B with density a = |A|/|B|, where B is a regular
Bohr set of rank d and width p. We need to work with different layers of Bohr
sets in this proof, so it’s convenient to define them now: let B = Bs, and
B® = (B(l))(;2 = Bs,s,, Where §; = c;a?/d, with ¢, ¢y some absolute constants
chosen to be sufficiently small and such that B(") and B are themselves regular.

We begin by applying Lemmawith BW, B®) playing the roles of B’, B”, and
€ = ca, where ¢ > 0 is some small constant we’ll choose later. If the second case
holds, then we have a density increment as needed. Otherwise, there is some x such
that if we let A; = (A — ) N B, with density oy = [41]/|BW|, and similarly
Ay = (A—2)N B?, with density ap = |As]/ |B(2)|, then min(ag, ag) > (1 — 2¢)a.
(In particular, provided e < 1/4, we have a; > «/2.)

Crucially, because A itself has no non-trivial 3APs, and 3APs are translation
invariant, there are still no non-trivial solutions to z 4+ y = 2z where z,y € A; and
z € Ay. This means that

<1A1 * 1141’ 12'A2> = |A2| .

On the other hand, Lemma[T1] implies that either we have a suitable density incre-
ment, and we are done, or else

(1a, *1a,, 15 @) > 3a3[BW(BA).

If oy < 2\3(1)|_1/2, then we are in the first case: by repeated applications of the
second part of Lemma |§| we have that |B(1)| > (61)°@ |B|, and hence

a < 201 < [BO[7V2 <« (d/a)O D | BT
as required. Otherwise, if f = 15.4, — 2l g2y, then

(La, %14, f) < [A2] = 33| BY| 4] < —ai| BWY||Az].
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By Parseval’s identity and the triangle inequality (just as in the proof of Lemma [5))
we deduce that

E|foo][Tre] > o5 142

Agam just as in the proof of Lemma [5] since by Parseval’s identity we have
E \1 4, (7)]? = |A1], we deduce that there exists some character A such that

’f ’ > |Ay].

We now simplify matters by noting that if f4 = 14, — aalp), then for any x, we
have f(2z) = fa(z), and so

fa(2\) = Zf2x Zf WAW) = FN).

In particular, there is some 7 such that |fA (V)] > a1 |42

We let B’ be the Bohr set formed by adding + to the frequency set of B(?) and
then multiplying the width by a factor of cz3a?/d, where c3 > 0 is another constant
chosen in particular so that B’ is regular. We will first use regularity to replace
fa=1a, —aslpe by f4 =14, — a2lpe . We have that

Fa() = Fa)] < a2 | (B® + BNB®| < czaza® | B
and in particular, assuming cs is sufficiently small enough, we still have

Fa)| > alda.

As in the proof of Lemma let 8§ € C be such that 9]/”1’;(7) = |E('y)|, so that
(s 01() + 1) = |F20)| + D fal@)
xT

and hence, since by regularity

> Fa(e) = |As| = as| B®) + B'| = —as|(B®) + B)\B?| < cza20°|BP],

provided c3 is small enough, we have
(Fis 07 +1) > a1 |As] > a|As].

In the proof of Lemma [5| we divided the sum into cosets v + V’. In our present
case, there is no such neat decomposition into cosets, so instead we average over all
translates = + B’ as « ranges over B(?).

Thus, by regularity of B?), (and since |f/(z)| < 1 for all z)

Sl D A Oy(y) +1) | = (1pe * 1pr, f4(0y + 1))

reB(?2) \yeEB'+x
= |B'[(1pe f4,07 + 1) + O(csa®[ BP| | B]).

We relate the value of this inner product to that above by regularity yet again (and
using that |f(0y + 1)| < 1 and that f’, is supported on B?) + B’):

(fa,07+1) = (Ige fi,0v +1) < [(B® + B)\BP| < c+ 30%|BY|,
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and so, provided we choose c3 small enough, we have
<1B(2>f.//4’ 9’}/ + 1> >« ‘Agl
and hence
Yol D AW +1) | > aldl|B.
reB(®2) \yeB'+x

Finally, we note that while v(y) is not constant on the translates B’ + x, it is
approximately constant: indeed, if y = ¢ + x where ¢t € B’, then

V() = ()| =1 = 7(t)] < ezar/d,

since v was included in the frequency set of B’. Therefore,

o 0@+ DD falw) | = cacn || |B'| - Oles§

reB(2) yeEB/'4x

B(l)‘ ‘B(m‘).

Once again, provided we have chosen ¢ > 0 small enough, this right-hand side is
at least %c4a1 |As| |B’|. Taking the real parts and averaging over all z € B(®| as
in the proof of Lemma we deduce that there exists some = € B3 such that
[A2 N (B'+2)| =z |B'[= Y faly) > aas|B|.
yeEB/'4+x
In particular, there is an absolute constant ¢ > 0 such that

Ay —z)NB’
KZBm/)| > (14 ca)ag > (14 ca)(1 — 2¢)a.
If we choose € = ca/8, then the right-hand side is > (1 + fa)a, and we are done,
since A, itself was a subset of a translate of A. O
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