Primitive Representations by Three Coprime Bases

Let a, b, c > 1 be pairwise coprime. For D > 0, put
Lp = {aibjck 2i,j,k>0,i+j+k=D}.

Divisibility is coordinatewise, so every subset of Lp is primitive. It is therefore enough to construct intervals of ordinary subset
sums on one level.

Theorem 1. Every sufficiently large integer is the sum of a primitive finite subset of {a'b’c* : i, j, k > 0}.

After permuting the bases, assume throughout that
a<c<hb.

The proof rests on the following source of arithmetic progressions.

Lemma 2 (Progressions on an edge). There is an integer H, depending only on c, such that for every L > 1 there are 6 > 0, integers
s,dwithd >0, and sets Ey, . ..,Ep_| C Ls satisfying

Zx=s+rd (0<r<L),

x€E,
while the exponent of b in every member of every E, is at most H.
Proof. Let ¢ = ¢(c) and H = ¢(¢c —2). ForE > Hand 0 < r < ¢, set
Pe(r) = {aE~H*o1p?c=220 . 0 <t < 1}
These are subsets of L, their b exponents are at most H, and

x=raf ™  (mod c).

)CEPE(F)
For aword w = (rg,...,rn-1) € {0,...,c — 1}", take

n—1

F(w) = U ' Prin-1-i(ri) € Lrsn-1.

i=0
Successive reduction modulo ¢, ¢2, . . ., ¢ recovers the letters of w; hence the sums of the F (w) run bijectively through the residues
modulo ¢”. Since a < ¢ and the b exponents are bounded, all these sums are O(c™). Color each residue by the quotient of its
corresponding sum upon division by ¢”. The number of colors is bounded independently of n. For large n, van der Waerden’s
theorem gives a progression of L residues with one color, and the corresponding sums form the required progression. O

We shall amplify one such progression. We use two elementary facts. First, if A < B are coprime and L = 4AB, then

N
{Z reAN B¢ 0 <1, < L} (1

e=0

contains an interval [Uy, V] such that
Vn — Uy > 2ABN*, Vy < K;BN*!, )

where K is independent of N. This is the usual radix induction: choose the last digit modulo A and treat the remaining quotient at
the preceding stage.

Second, fix a modulus A. There is K> such that, for every large D and every residue p modulo A, one can find aset O, C Lp
whose members lie on the faces of the exponent simplex and satisfy

Z x=p (modA), Z x < KacP. A3)
xX€Q, x€Qp
Indeed, for a fixed large R, the three face monomials
pRD-R R D-R aP-RpR

a‘c s

have common divisor 1, so their residues generate Z/AZ. Every residue is a nonnegative combination with coefficients below A.
Eventual periodicity modulo A supplies distinct copies by moving a common period along a face, and a < ¢ bounds their total by a
constant times ¢?.



Primitive representations by three coprime bases

Lemma 3 (A full scale). There is an integer C > 1 such that, for every sufficiently large M, the subset sums of some level Lp,,
contain every integer in

[CM CM+1).
Proof. Choose an integer u > H + 1, then choose v > 0 so large that
ba" < c”.
Put
A=a"", B =b"c", q = abc.
Then A < B and (A, B) = 1. Apply Lemma 2 with L = 4AB, obtaining ¢, s, d and the sets E,, and put A = gd.
Fix an auxiliary integer N. For digits ro, . . ., 7y, multiply E,, by gAY ~¢B¢ and take the union. All terms have degree

Dy =6+ (u+v)N+3.

Ifa’b/ck € E,,, then 0 < j < H, and the corresponding term gA™N ~¢ B¢a’b/ c* has b exponent ue + j + 1. Hence the eth block lies
in the range [ue + 1,ue + H + 1]; these ranges are disjoint because u > H + 1. Their sum is

N N
On +AZreAN_eBe, On :quAN-eBe.
e=0 e=0

Thus (1) and (2) give a represented progression Oy + A[Ux, V] on the single level Lp,, .
Use (3) with this A and set Zy = K>cPV. Every integer in
Iy = [ON +AUN +Zn, ON + AVN]
is represented: choose a face correction with the required residue modulo A, subtract it, and use the progression. The blocks lie in
the interior because of the factor g, so they are disjoint from the correction. Moreover
Dn uN

" _ 643 (C )

— =c — — 0.

BN b

For all large N, the left endpoint of Jyy is at most KBV *! for some constant K, and Jy has length at least X := gB" .
It remains to gain an unbounded factor in the length. For each s with H + 2 < s < N, inspect the interior points of Lp,, having b
exponent uN + s + 1. Along this line successive values have ratio ¢/a. The value nearest the a axis is at most X for large N, since

bsavN+6fs s ba’ N
-  <a
cvN - ’

CV
whereas the value nearest the ¢ axis is larger than X, since its ratio to X is ¢®(b/c)® > 1. Hence the line contains a term z, with

a
X<z <X,
c

The terms z; are distinct, lie above all blocks in b exponent, and lie off the faces. They may therefore be adjoined independently to
every representation from Jy. Since each z; is no larger than the length of Ju, the standard overlap argument extends Jy to a
represented interval Iy with the same left endpoint and

N
suply —infIy > ) 2,2 %(N—H— 1)gBY.
s=H+2

Thus, for some « > 0 and all large N,
inf Iy < KBV*!, sup Iy —inf Iy > kNBY.
Choose an integer t with KB'~* < 1, and set C = B. Given large M, apply the construction with N = M — ¢. Then
infIy <BM =¥,
and, since k(M —t) > B'*! for large M,
sup Iy > sup Iy —inf Iy > BM*! = cM+1,
Hence I contains [CM,CM*1). Taking Dy, = Dy, proves the lemma. m]

Proof of Theorem 1. Every sufficiently large integer lies in [CM, CM*!) for some sufficiently large M, and hence is a subset sum of
Lp,,- Such a subset is primitive. O



